We report the experimental observation of a cross-Kerr nonlinearity in a free-space medium based on resonantly-excited, interacting Rydberg atoms and electromagnetically induced transparency. The nonlinearity is used to implement cross-phase modulation between two optical pulses. The nonlinear phase written onto the probe pulse is measured to be as large as 8 mrad per nW of signal power, corresponding to a χ (3) of 10 −8 m 2 V 2 . Potential applications range from optical quantum information processing to quantum non-demolition measurement of photon number.
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Fantastically strong interactions between high-lying Rydberg states combined with electromagnetically induced transparency (EIT) are an extremely promising platform for nonlinear optics at the level of single photons. In the last decade, Rydberg atoms have been used to demonstrate phase gates [1] , photonic switches [2] , atomic logic gates [3, 4] , quantum memory [5, 6] , the generation of single-photon Fock states [7, 8] , and other non-classical states of light [9] [10] [11] [12] . What these experiments share in common is that the nonlinear effects observed saturate at or near one photon. This is in contrast to a Kerr nonlinearity, where a medium experiences a linear shift in the index of refraction proportional to the number of photons in the medium. The Kerr effect has been studied extensively and has well-known applications in optical quantum computing [13, 14] and in generating and measuring non-classical states of light [15, 16] . In light of this, there have been several theoretical studies endeavoring to harness the powerful interactions of Rydberg atoms to implement a Kerr nonlinearity [17] [18] [19] [20] [21] [22] [23] [24] . Noteworthy experimental results include the observation and study of a large dissipative (imaginary) χ (3) [25] [26] [27] and the first observation of an offresonant, dispersive, self-Kerr nonlinearity, which was used to demonstrate cavity-enhanced self-phase modulation [27, 28] . Notably, all experiments to date have involved a single beam, whereas most applications, such as photon number squeezing or quantum non-demolition measurement of photon number, require a cross-Kerr effect involving two beams.
In this letter, we report the first experimental observation of a dispersive cross-Kerr nonlinearity based on resonant Rydberg EIT. We observe that the phase shift acquired by a resonant optical pulse propagating through a cold cloud of atoms under EIT conditions depends linearly on the intensity of a second optical pulse. We present a simple theoretical treatment based on van der Waals interactions, which provides an intuitive explanation for the origin and scaling of the observed crossphase shifts and is consistent with our observations. From the spectrum we extract experimental parameters such as Ωc, peak OD with the coupling beam off and φ pk-pk . (c) Experimental setup. Dichroic mirrors (DM) are used to overlap the probe and signal with the coupling beam on top of the 85 Rb magneto-optical trap (MOT). The probe and signal counterpropagate and are separated by polarizing beamsplitters (PBS).
THEORY
In our scheme, the signal pulse (Ω s , see Figure 1a ) propagates on resonance under EIT conditions created by a resonant coupling beam (Ω c ). Inside the medium, signal photons excite Rydberg atoms, which interact via a van der Waals potential [29] of the form
where C 6 (n * ) characterizes the strength of the van der Waals potential, n * is the adjusted principal quantum number [30] , and r is the distance between two Rydberg atoms. Due to the interactions, once an atom is excited to its Rydberg state, atoms in its vicinity will experience a position-dependent shift in their Rydberg levels, leading to a shift in the index of refraction (see Figure 1b) seen by the probe (Ω p ). Assuming perfect EIT (100% transparency on resonance and no dephasing) the per-atom phase shift acquired by the probe is
where
2Γ is the width of the EIT window and σ A is the theoretical peak per-atom phase shift given by the probe transition's resonant cross-section (σ) divided by the area (A) of the probe focus. From Eqn. 2, we see that the phase shift acquired by the probe is maximized when V (r) is comparable to ∆ EIT , and goes to zero in the limit of either V (r) → 0 or V (r) → ∞. Considering a physical cloud of atoms with a small number of Rydberg excitations distributed randomly, neither the subset of atoms that are very far away from a Rydberg excitation, nor the subset that are very close impart phase shifts to the probe. Instead, it is the small subset of atoms whose distance from a Rydberg excitation falls within a shell, such that their Rydberg levels are shifted by approximately ∆ EIT , which are responsible for shifting the phase of the probe. These are the atoms which are about r b = [C 6 ∆ EIT ] 1 6 away from a Rydberg excitation, where r b is the blockade radius [28, [31] [32] [33] . The thickness of the shell, or rather, the range of distances where the interaction induces a shift comparable to ∆ EIT in the two-photon resonance, is determined (up to a numerical factor) by r b . Remarkably, this means that the fraction of atoms in the cloud that reside in this shell, and therefore impart a significant phase shift to the probe, is proportional to r 3 b (and therefore to C 6 ∆ EIT ). This scaling is identical to the one observed in [22, 23, 27, 28] , however, the underlying model used to understand these experiments is markedly different. In [22, 23, 27, 28] , the effect of interest was dominated by the subset of atoms which reside within the volume r 3 b and atoms farther than r b from a Rydberg excitation could be neglected. Here, however, atoms inside and outside r b contribute equally and atoms deep inside r b do not contribute at all.
The total phase shift accumulated by the probe as it propagates through the medium can be found by summing up the contributions of each Rydberg excitation in the cloud
where ρ is the density of atoms, ρ ryd is the density of Rydberg excitations, and L is the length of the medium [34] . The exact result is
where OD = ρσL. At low signal power, the Rydberg density is linear in atom density and in the power (P s ∝ Ω s 2 ) of the signal pulse:
Substituting this in to Eqn. 4, and substituting r 3 b = C 6 ∆ EIT , the total cross-phase shift is
Eqn. 6 is the main result of our theoretical treatment: the phase shift written on the probe is proportional to the power of the signal beam. A distinguishing property of this Kerr nonlinearity is its dependence on r 3 b which, in turn is proportional to C 6 (n * ), making the phase proportional to (n * ) 5.5 when OD, ∆ EIT , Ω c are held constant. This scaling is dramatically different than what would be expected from a nonlinearity due to the AC Stark shift, which has no Rydberg level dependence, or superradiant cascade decay, which scales as (n * ) 2.5 [35] . Additionally, our Kerr-nonlinearity is cooperatively enhanced due to its quadratic dependence on atom density.
An important assumption made in the derivation of Eqn. 6 is ideal EIT. In our experiment, we observed between 75 − 50% transparency on two-photon resonance (see Figure 1b) for several reasons including, frequency instability of the lasers used, partial overlap of the probe and coupling beams, and broadening and dephasing caused by Rydberg-Rydberg interactions. We can relax this assumption by replacing OD in Eqn. 6 with a measured quantity φ pk-pk , which we extract from φ(∆ p ) the EIT spectrum (see Figure 1b) . The main remaining approximation under which Eqn. 6 is valid is equivalent to requiring ρ ryd ≪ [ −1 . This guarantees that the Rydberg density is spatially uniform and linear in the signal power. Maintaining a low Rydberg density requires low signal power (Ω c ≫ Ω s ), but also a low probe power (Ω c ≫ Ω p ). This second constraint is due to the fact that probe photons can also excite atoms into the Rydberg state. Although this process does not contribute to cross-phase modulation, and is therefore not included in our treatment, it does give rise to a second effect: probe photons create a background of Rydberg atoms. These can interact via van der Waals forces, or decay to nearby nP states and interact via stronger dipoledipole forces [36] , resulting in degraded electromagnetically induced transparency, reduced φ pk-pk , and smaller cross-phase shifts.
EXPERIMENT
The experimental scheme is shown in Figure 1c . We prepare a gas of about 10 8 85 Rb atoms in a magneto-optical trap (MOT) at a temperature of 60 ± 10 µK. The MOT size is about 0.25mm 3 and the typical density is ∼ 3×10 10 atoms/cm 3 . The atom duty cycle is 8.7ms long:
it consists of 7.5ms of MOT trapping, molasses, and free expansion, followed by a 1.2ms measurement stage during which the phase and amplitude of the probe are measured via comparison to an off-resonant "reference" beam using beat-note interferometry [37] . The probe is at 780 nm and is resonant with F=3 to F ′ =4. The reference is derived from the same master laser and is bluedetuned 2π×100 MHz from the same transition. The signal counter-propagates (see Figure 1) with the probe and reference with orthogonal polarizations and is also resonant with F=3 to F ′ =4. Setting the signal on resonance is particularly important in order to avoid the possibility of AC Stark shifts imparting an additional phase shift to the probe [38] . The typical resonant probe power was approximately 1 nW and the off-resonant "reference" probe was about 10 nW. The coupling power varied from 10-200 mW depending on the Rydberg level and the signal power was varied between 10 pW to 100 nW. The probe and signal were focused to 20 ± 4µm to ensure a constant waist over the length of the cloud (L ≈ 0.5mm). The coupling beam was locked on a 5P→nS resonance using EIT locking [33] and was focused to 45 ± 10µm in order to ensure a homogeneous coupling Rabi frequency across the transverse extent of the probe. The coupling Rabi frequency was typically 2π × (7 ± 2) MHz, and the MOT OD was typically around 1-2. During the first 300 µs of the measurement stage, spectroscopy scans were taken (Figure 1b depicts a typical spectroscopy scan for n=58. These scans are fit to theory curves to extract the peak optical depth without EIT, the optical depth with EIT, φ pk-pk , and the coupling Rabi frequency. For the remaining 900 µs, the coupling and probe are left on and a signal pulse train consisting of 375 pulses, each 600 ns long and separated by 2.4 µs, is turned on. In order to isolate the effect of the signal pulse on the phase of the probe from other slow drifts, the phase is measured before, during, and after each signal pulse. The measured shift in the phase of the probe is plotted in Figure 2 as a function of signal power for seven different S-state Rydberg levels (49, 54, 58, 62, 65, 68 and 70). The phase shift is linear up to 2-10 nW, depending on the Rydberg level, beyond which it saturates (data not shown). The slopes represent per-photon cross-phase shifts and generally increase with Rydberg level, with the largest slope at n=68, (due to a larger OD used for this Rydberg level) where approximately 8 mrad phase shifts were measured for 1 nW of signal power. From the probe EIT spectrum, we can infer that this corresponds to approximately 30 photons in the medium at a time (based off the interaction time (≈ 8ns) as opposed to the pulse duration). Additionally, linear cross-phase modulation was observed across nearly 3 or- In the inset, n=68 is isolated to show that the phase shift is measured down to powers as low as ∼ 20pW. Lines of best fit are plotted on top of the data for each Rydberg level. Error bars are the standard error of the mean (SEM) calculated from the data. The slope of the cross-phase shift generally increases with Rydberg level, with exceptions that we attribute to fluctuating φ pk-pk ders of magnitude, persisting at signal powers as low as ∼20pW as shown in the inset in Figure 2 (corresponding to 47 photons in a 600 ns pulse, or < 1 photons per interaction time).
Next, the dependence of the cross-phase shift on probe power was studied. We observe reduced electromagnetically induced transparency as we increase the probe power, a problem which is exacerbated for higher Rydberg levels. In Figure 3 , we vary the probe power and measure the cross-phase shift generated by 0.9 nW of signal power for one of the higher Rydberg levels studied (n = 68). During the experiment, the MOT OD drifted between approximately 1-2 and so, to compensate this source of variation, we study the cross-phase shifts divided by peak OD as measured during the spectroscopy stage for each probe power. At probe powers larger than approximately 1 nW, we see a significant decrease in the magnitude of the cross-phase shift. We attribute this to background Rydberg excitations created by the probe beam rather than the signal beam. The number of Rydberg excitations in the interaction region grows linearly with the total input photon number (signal plus probe) and once ρ ryd approaches [ −1 , the interaction region is effectively saturated. Because the medium is blockaded, the signal beam cannot create additional Rydbergs and does not induce any cross-phase shift on the probe. Based on our focus size (A), we expect to see ρ ryd become comparable to [ −1 when the total incident power reaches several nanoWatts, which is consistent with our observations in Figure 3 . In the experiment, the probe power was typically kept at about 1 nW. Lower probe powers were not used due to increasing phase noise. To overcome this noise requires longer experimental runs which became technical challenging due to experimental drift. (this may explain the unexpected drop on the leftmost points in Figure 3 We now turn to the Rydberg-level dependence of the cross-phase shift. The size of the Kerr nonlinearity, ⟨φ X ⟩ P s , generally increased with Rydberg level. φ pk-pk was also observed to vary strongly with Rydberg level, decreasing by roughly a factor of 2 between n = 49 and n = 70. This is likely due to background Rydbergs created by the probe, which saturate a fraction of the cloud that increases with r 3 b , contributing, among other things, to reduced transparency on two-photon resonance and smaller φ pk-pk . To eliminate this spurious-Rydberg-level dependence, we first divide ⟨φ X ⟩ by the measured optical depth, replot it as a function of signal power and extract the slope for each Rydberg level using a linear fit. We then rescale the slopes by the ratio between φ pk-pk and OD, which is measured for each Rydberg level. The rescaled slopes are then plotted as a function of Rydberg level in Figure 4 and the same data is inset on a log-log plot, and fit to a line. The error bars are calculated from the statistical uncertainty of the linear fit (ranging between 2 − 10%), systemic uncertainty introduced by slow power drifts (estimated to be 10%), and the uncertainty on φ pk-pk (estimated to be 5 − 10% based on noise in the measured spectra). The fit yields a power law with an exponent of 5.7±0.4, which is consistent with the predicted power law scaling, but the reduced χ 2 (for our two parameter fit to seven data points) is 11. We conclude from this large reduced χ 2 that we have underestimated the degree to which inaccuracies in our rescaling technique changed between runs with different principal quantum numbers by a factor on the order of √ 11. We use the revised estimate to extract a conservative uncertainty on the fit parameter, now 5.7 ± 1.3. This result rules out the AC Stark shift as an explanation for our nonlinearity, and leads us to conclude that van der Waals-based interactions are the best explanation for the observed cross-Kerr nonlinearity. 
FIG. 4. ⟨φ X ⟩ Ps φ pk-pk as a function of the adjusted Rydberg level. Here, n * = n − δ, where δ is the quantum defect and is approximately equal to 2.6. [30] . The original error bars are shown in yellow (wider bars, circles) and the revised error bars in green (smaller bars, triangles). The data are fit (red (green) line) to a power law and the resulting fit has an exponent of 5.7 ± 1.3. The purple (blue) shaded region indicates fits within one sigma of this estimate (4.4-7) . The inset shows the same data on a log scale.
DISCUSSION
Finally, we compare the size of our Rydberg-based cross-Kerr nonlinearity to those observed in other systems. The maximum cross-phase shift observed was 8 mrad/nW (for n = 68). This corresponds to an effective value of Re χ (3) ∼ 1 × 10 −8 m 2 V 2 . This is much larger than the Re χ (3) available in conventional materials like fused silica [39] , and similar in magnitude to the Re χ (3) reported in [28] (see table) , in which Parigi et. al. studied a cavity-enhanced self-Kerr effect based on off-resonant Rydberg EIT. It is also worth noting that while larger nonlinearities have been observed in interacting Rydberg gases, for example [26] , they were dissipative (the measured χ (3) was imaginary), which makes them unsuitable for applications to quantum state generation and quantum non-demolition measurement of photon number. Going beyond Rydberg-based Kerr nonlinearities, our Re χ (3) is 5000 times larger than the nonlinearity used by Venkataraman et. al. [40] to observe cross-phase modulation in a hollow core fibre loaded with ultracold Rubidium atoms. In fact, our Re χ (3) is only 50 times smaller than the record Re χ (3) observed in slow-light experiments at BEC densities despite the fact that our experiment was performed in a simple magneto-optical trap with 100 times lower density [41] . Finally, our measured Re χ (3) is 5 times larger than the Re χ (3) measured by Feizpour et. al. based on EIT and AC Stark shifts (N-scheme) [42] .
For many of the applications of strong single-photonlevel nonlinearities a more important figure of merit than Re χ (3) is φ 0 , the phase shift per photon. Several of the experiments discussed here observed phase shifts per photon that ranged from 13 µrad/photon [42] to 300 µrad/photon [40] . Because our experiment was performed with long signal pulses we did not directly measure the phase shift per signal photon. We did, however, measure φ(∆ p ) during our spectroscopy stage and can therefore infer the group velocity and the interaction time, allowing us to infer the average number of photons in the atomic medium at one time for a long signal pulse with a peak power of 1 nW. In this way, we can indirectly estimate the per-photon phase shift. For n=68, the group delay was approximately 8 ns and the corresponding perphoton phase shift was ∼ −250 µrad/photon. 
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CONCLUSION
In conclusion, we observed strong cross-phase modulation at low light levels, generated by a resonant crossKerr nonlinearity based on Ryberg-Ryberg interactions and EIT. We directly measured cross phase shifts and estimate the Re χ (3) to be 10 −8 m 2 V 2 . We varied the Rydberg level and observed a scaling with the principal quantum number consistent with the (n * ) 5.5 expected for a van der Waals-based nonlinearity. This is the first experimental demonstration of a cross-Kerr nonlinearity between two beams based on Rydberg interactions. Future experiments will explore ways to reduce self-phase interactions, which, combined with higher density and higher Rydberg levels, should enable even larger singlephoton level dispersive nonlinearities with important applications in quantum optics and quantum information.
